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Review

-1hm . Let f- c- MARI
. Suppose that FEMUR) .

Then

f- (x) = ftp. £03) e.
"" { ✗

d }
.

(Fourier Inversion Formula)
""

ftp.npdx = f.I 1 Fossil 'd}
- is

( planehere 1 formula )

Applications : Time-dependent heat equation on the real line

{ 3¥ = 3¥ ,
✗ c- IR

,

t > o

Ufx , 0 ) = fcx) .

Define
Htcx) = ¥÷ É¥ ,

✗ c- IR
,
t >o

( heat kernel on the real line )
( Ñt(5) = e- 41T 's't ,

Let SAR) denote the Schwartz space , i.e. the



Collection of G- valued functions fe CIR) such that

sup lxk f-% , / < is it k.eu
.

XEIR

T_hm*e Let f- c- SARI
.

Let

Ucx,t)= f- * that .
Then

① UE ( 112×112+1
,
¥=J¥ on 112×112-1

= (-94×6,0)
② Ua .tl⇒ fan as b- → o

③ ftp./Ucxit1-fcxsfdx-oast-o
¥
part ① was proved in the last lecture :*

Here

we prove ③ and ③
.



Notice that UG.tk f- * tftcx )
.

Since { Ht }
,> ☐

is a good kernel

on IR as 1- → o
,

so ③ is a direct

consequence of
the convergence theorem

for good kernels .

To prove ③ ,
we use the Planchierel formula

.

Notice that

f.) / ucx.tl - fcxilddx

= f. I / ñ(s.tl - fest 'd }
= [I / fed . e-

4"""
- fluid }



Observe that

/ pics , e- "
"sit

- fog , /
-

= / f^({ , /
2

. / e-4*34,12
I 1%112

.

Hence by Dominated convergence
-1hm

,

king
.

? / Elsie
""" 't

- f^a , /
'

d§
t-70

= [I him / plane-41-1%7 - fog , /
'

dig
to

= 0
.

That is
,

tim f.gg/ucx.t1-fcxifdx=o .

1- → o

☒



Q : Is U=f*H+ the unique solution

to the heat equation

{
1¥ = 2¥ on 112×112-1

,

U( × , 0 ) = fcx ) .

The answer is no
.

!

Example 1 . Let ltcxit) _= ¥ that on 112×112-1
.

n

check : • We (112×112-1)

• 2¥ = 1¥, on 112×112-1

0*1
• Iim wait) = 0

.

t→o

However 4=-0 is also a solution of ④ .

So ④ has more than one solution
.



Def. Given a function Ufx ,t ) on 112×112-1
,
we

=

say that U( • , t) belongs to SCIR ) uniformly
in t if UG.tl C- SAR) for allt >o

,
and moreover

,

for each T >0 , and each k
,
I 30

.

sup / xk . ?¥ / so .

XEIR

costs -1

check : ¥ • that does not belongs to SCIR )

uniformly in t .

Because sup 1¥ then / 2 sup / F- thirty
XEIR

costs -1 costs -1

= sup ¥-7 - e- ¥

ostl

= + is
.



-1hm ( Uniqueness ) .

Let u c- C%lR×lR+ ) n CC IR ✗ [0,0 ) ) .
Suppose It satisfies the following properties .

① If = 3¥ on lR×tR+
;

⑤ UH ,
0) = 0 for all ✗ c- LR

;

③ U( • , t) C- SAR ) Uniformly in . t
.

Then U(✗ it)=o on 112×112-1
.

Pf . ( Energy method )

Define for too ,

Elt ) = [I / Until
-

dx

In particular , E(01=0 , Ect) 30 for t20
.



Observe that

Ect) = dat £? I want > Tax

EEE" /I 1-+1 until 'd✗
Here we need

to use

uecTRHRt1_fygd_y@lx.t7UCx.tT ) d×and Uf. ,t) c- §(IR)
unif. in tt

.

= [I ! (✗ it) ) . UÑ

+ Ucxitauxt , DX

Y.IT#.u-+u.:Y-idx
Integration by Parts
=

T.i-u-lii.n.FI :* - ¥
.

"

+ u.TI-h.E.fi#.:I-ax



= -fi :¥:÷d×
= -2 f- is

a

1¥, Tax
£0

.

Hence Ect) is a non- increasing functions
0h ( 0 , is ) .

But Eco ) -_ 0
,
so Ect ) to for t > o

.

However
, by definition Ect ) 20

.

As a consequence ,

Ect ) 0 for all t :O .

That is

J
•

I ucx.tl/-dx--- 0 .

- is

⇒ UCx.tl EO
. II



Pro12 .

Let f- c- SARI and let

Ucx .tl = f- * that .
Then

UGH c- SAR) uniformly in
t in the sense that

sup I xkg÷⇐± / < is (** )
✗EIR

costs -1

for any T > o and k , l 70 .

Pf. Without loss of generality ,

we only
prove ☒* 1 in the case when k=1

,
1=1

.

Let T > 0 .

°Y¥ ¥ Gai } )ÑC%t )
= 2ñi{ . f^q , , e-

4-43't
C



C-ztiixl .
' ¥ dfz-nigfcs.ge#isit)
T

By Inversion formula ,

- 21T ix. d¥
d (zai { Fcs ) e-

" "
"

{
"
t
) mi}×= ftp.dg-ed }

So

sup 21T /x-JY-cx.tl/XE1R
0*-1

£ sup /
☒ /dif÷"

""

4dg
✗ c- IR
oats-1 I# I

(*** )



=
sup f.pe/(***1Id }
octet

Notice that

1*1*1*7=21>if 4ft ,/
'

e-4*3 't

+ { fT{ ) . e-
4*44

• (-8-1131-1)
Hence

11*1*1*1 / fit . I @ R&D
' /

+ 161-1215 fall .tt
.

Hence

sup f k***> Id }
ostct R

E 2-11/14 ft )) '1d§
The

+ 16*-5*13773 ) / d } • d-
< is

.


